Multiplication modules which are distributive  by Erdoğdu, V.
Journal of Pure and Applied Algebra 54 (1988) 209-213 
North-Holland 
209 
MULTIPLICATION MODULES WHICH ARE DISTRIBUTIVE 
V. ERDOeDU 
Depariment of Mathematics, Middle Easr Technical University, Ankara, Turkey 
Communicated by M. Bar! 
Received 4 March 1987 
We prove result5 which include necessary and sufficient conditions for a multiplication module 
to be distributive. 
Introduction 
Let R be a commutative ring with identity and M an R-module. Then M is said 
to be a multiplication module if every submodule of M is of the form ZM, for some 
ideal Z of R. A ring R is said to be a multiplication ring if every ideal of R considered 
as a module over R is a multiplication module. We say that a submodule M of an 
R-module Nis a distributive submodule if Mn (X+ Y) = (Mfl X) + (Mn Y), for all 
submodules X, Y of N. An R-module N is said to be distributive if every submodule 
of N is a distributive submodule. A ring R is said to be arithmetical if R considered 
as a module over itself is distributive. 
In this paper we relate the notions of distributive modules and multiplication 
modules. We prove that over a ring R a finitely generated faithful module M is 
distributive if and only if M is a multiplication module and R is arithmetical. If 
moreover R is assumed to be Noetherian, then M is distributive if and only if every 
non-zero proper submodule of M is of the form Pf’Pp--.P>M where P,, P2, . . . , P,, 
are uniquely determined prime ideals of R and u,, u2, . . . , o, are positive integers. If 
on the other hand N is a Noetherian module over a ring R and M is a supporting 
submodule of N, then M is a distributive submodule of N if and only if for all sub- 
modules X of N containing M, M= Py’ Pi2 ... P?X for uniquely determined max- 
imal ideals P,, P2, . . . , P, of R and uniquely determined positive integers 
u,, v2, . . . , u,. We also show that over an integral domain a faithful multiplication 
module is finitely generated and projective of rank one. 
1. Multiplication modules over arithmetical rings 
We begin by noting the following criterion which follows easily from [ 1, Proposi- 
tions 5 and 71: 
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Proposition 1.1. Every multiplication ring is arithmeticul. C 
Proposition 1.2. Let R be an arithmetical ring and let M be a multiplication R- 
module. Then M is distributive. 
Proof. By [2, Lemma 2.61, it suffices to show that for each maximal ideal P of R, 
M, is a distributive R,-module. But Mp is a multiplication R,-module [l, Lemma 
21. Therefore by [l, Proposition 41, M, is cyclic. That is, M,,= R,JZ,,, for some 
ideal Z, of R,. Since R is arithmetical, R,, is a valuation ring. Thus, the set of sub- 
modules of R,/f, is linearly ordered. Therefore it follows that M,, has a linearly 
ordered lattice of submodules. Hence MP is a distributive R,-module. 1 
Theorem 1.3. Let R be a ring and let M be a finitely generated R-module with 
Ann,(M) = 0. Then the .following statements are equivulent: 
(i) M is a distributive R-module; 
(ii) M is a multiplication R-module and R is arithmetical; 
(iii) M is a projective R-module of rank one and R is arithmetical. 
Proof. (i) = (ii). Since M is a distributive R-module, M, is a distributive R,,- 
module, for all PE MaxSpec R [2, Lemma 2.51. But then M, as an R,,-module has 
a linearly ordered lattice of submodules [2, Lemma 2.71. Since for each P6Max- 
Spec R, M,, is a finitely generated R,-module and has a linearly ordered lattice of 
submodules, M,, is a cyclic R,,-module, for all PE MaxSpec R. Hence M is a 
multiplication R-module [l, Proposition 51. Since M,, is a cyclic R,,-module and 
Ann,,,(M,)=O, for all PE MaxSpec R, it follows that M,= R,,, for all PE Max- 
Spec R. Thus RP has a linearly ordered lattice of ideals, for all PE MaxSpec R. 
Therefore, R is arithmetical follows from [2, Lemma 2.61. 
(ii) 1 (i). By Proposition 1.2. 
(i) * (iii). By [3, Proposition 1.31. 
(iii)*(i). Since for each maximal ideal P of R, R,, is a valuation ring and 
M,= Rp, it follows that M is a distributive R-module. Ll 
Before formulating the next statement we recall that if I is an ideal in a Noetherian 
arithmetical ring R, then I = Pi” P;‘... P,: for some prime ideals P,, P?, . . . , P,, of R 
and positive integers u,, u:, . . . , u,,. We also recall that in an arithmetical ring R any 
two primary ideals are either comparable or else are comaximal. 
Theorem 1.4. Let R be a Noetherian arithmetical ring and M u finiteI?, generated 
non-zero R-module. Then the following statements are equivalent: 
(i) M is a distributive module; 
(ii) M is a multiplication module; 
(iii) Every proper submodule X of M is of the form Pi’! Pi’... P,:‘jlM, where P,, 
P,, . . . , P,, ure comaximul prime ideals of R and u,, vz, . . . , v,, are positive integers. 
Moreover if Ann,(M) = 0, then the prime ideuls are uniquely determined by X. 
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Proof. (i) =. (ii). As in the proof of Theorem 1.3 of (i) 2 (ii). 
(ii) * (i) By Proposition 1.2. 
(ii) =) (iii). Let X be a proper submodule of M. Since M is a multiplication R- 
module, X=(X:M)M [I, p. 1751. But R is a Noetherian arithmetical ring. 
Therefore we have (X: M) = PF’ Ptz ... P,: for some comaximal prime ideals 
p,, pz> .. . . P,, of R and positive integers uI, u2, . . . , u,. 
From now on we assume that AnnR(M) = 0 and that the submodule X#O. Sup- 
pose that we also have X= Q~IQ~‘~..Q,$\M for comaximal prime ideals Q,, 
Qz, . . . . Q, of R and positive integers k,, k2, . . . . k,Y. We aim to show that {P,, 
Pz, . . . , Pn} = {Q,, Q2, . . . , Q,}. If not, then one of the sets has an element which is 
not a member of the other one, say P, $ {Q,, Qz, . . . , Q,}. We have two cases. 
Case 1. No element of (Q,, Q2, . . . , Q,) is comparable with P, . Then P, + Qj= 
R, for all j= 1, 2, . . ..s. So if we localize P~‘P~z...P,oI’ M=X=Q:‘Q,k2...Q,k5M at 
P, , we get P,O,:] Mp, =Mp, . But then by Nakayama’s Lemma, it follows that 
M,, = 0. Which is just not so (because AnnR,,, (Mp,) =O). 
Case 2. There are some elements in {Qr, Qz, . . . , Q,) which are comparable with 
P,. With no loss of generality we may assume that Q1 is one of them. Since R is 
a Noetherian arithmetical ring, it is of Krull dimension at most one. So if P, 5 Q,, 
then any other element of {Q,, Qz, . . . , QI} which is comparable with P, properly 
contains P,. Similarly if Q, $P,, then the other elements of (Q,, Q2, . . ..Q5} 
which are comparable with P, are properly contained in P,. Now localization of 
Pi”P~~...P,:“M=X=Q~‘Q~‘...Q.~‘M at either P, (when P,sQ,) or at Q, (when 
Q, 5 P,) will give the same contradiction as in Case 1 above. 
Therefore it follows that {PI, P2, . . . , P,)l and {Q,, Qz, . . . . Q,) are the same sets. 
(iii) = (ii). Clear. 0 
2. Faithful multiplication modules 
Lemma 2. I. Let R be an integral domain and let M be a multiplication R-module. 
If Ann,(M) = 0, then M is a torsion-free R-module. 
Proof. Suppose M has a non-zero torsion element x. Then Rx= IM, for some ideal 
/ of R. Since x is a torsion element, there exists a non-zero element r in R such that 
rRx= rlM= 0. Hence rlc Ann,<(M) = 0. But R is a domain and r#O. Therefore 
I= 0. Hence x=0, a contradiction. Therefore M is torsion-free. 0 
Lemma 2.2. Let R be a ring and let M be a multiplication R-module. Suppose that 
Mp#O, for all maximal ideals P of R. Then M is finitely generated. 
Proof. Let x be any element of M. We have Rx=(x: M)A4. Hence M= C_Yt,W Rx= 
C\.E,‘L, (x:M)M=(C_,.~ (x:M))M. We claim that the ideal C,YG.M (x:M)=R. 
Suppose not. Then there is a maximal ideal P of R such that CIEM (x: M) c P. 
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Hence Mp=(C.ut.v, (x: M)),M,. Now by [ 1, Proposition 41, we have that M, is 
cyclic. That is M, = R, y = ( 2 , E M (x: M)),y, for some element y of fWp. Since 
(CVEM (x:M))/J is contained in the Jacobson radical of Rp, it follows by 
Nakayama’s Lemma that M,=O, which is contrary to the assumption. Therefore 
we have C.\-E.2, (x: M) = R. So there is a finite set of elements {x,, x2, . . . ,x,} in M 
and a,, a2, . . . , a,,ER such that l=a,+az+...+a,, for each x, in {x1,x2 ,..., x,,}, 
a, E (xi: M). But then we have 
That is, M= Rx, + Rx,+ ... + Rx,,. I2 
Corollary. Let R be an integral domain and M a multiplication R-module with 
Ann,(M) = 0. Then M is finitely generuted projective of rank one. 
Proof. By Lemma 2.1, M is torsion-free. By Lemma 2.2, M is finitely generated. 
But then (by [l, Lemma 2 and Proposition 5]), we have M,= R,, for all PE Max- 
Spec R. Therefore M is projective of rank one. L1 
3. A condition for the distributivity of a submodule 
Proposition 3.1. Let N be an R-module and let M be a finitely generated submodule 
of N. Suppose that for each submodule X of N containing M, we have M = IX, fof 
some ideal I of R. Then M is a distributive submodule of N. 
Proof. First we assume that R is a local ring with maximal ideal P. To prove that 
MC N is distributive, by [2, Lemma 2.71, it is enough to show that MS Ry, for all 
yeN\M. Now for any ~EN\M, we have MGM+Ry. Hence M=I(M+Ry)= 
IM+ IRy, which implies that ZRy L M and 1~ P (= the Jacobson radical of R). 
Therefore by Nakayama’s Lemma it follows that M= IRyc Ry. Therefore M is a 
distributive submodule of N. 
The proof of the global case is as follows. 
Let P be any maximal ideal of R. Then we have M, is a finitely generated sub- 
module of N,. If M,=O, then clearly M,c N, is distributive. If M,#O, then 
N,#O. Now any submodule of Np is of the form X,, for some submodule X of 
N. So if M,CX,, then MSX and hence M== IX in N, for some ideal I of R. 
Therefore Mpf= 1,X, and I,, c Pp (= Jacobson radical of R,]). Therefore as in the 
local case above it follows that M,c NP is a distributive extension of R,-modules. 
That is, for each maximal ideal P of R, we have M, is a distributive submodule of 
N,, as R,-modules. Therefore Mc N is distributive [2, Lemma 2.61. rl 
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Definition. A submodule X of A4 is said to be supporting if X,>#O for all maximal 
ideals P of R for which Mp#O. 
Proposition 3.2. Let R be a ring and N a Noetherian R-module. Then for a suppot’- 
ring subrnodule A4 of N the following statements are equivalent: 
(i) M is a distributive sub/nodule of N; 
(ii) For all subtnodules X of N containing ’ f, M = IX, where I is a unique product 
of po wers of tnuxirnal ideals of R. 
Proof. (ii) * (i). By Proposition 3.1. 
(i) d (ii). Since for any submodule X of N containing M, MC X is distributive, (ii) 
follows from [I, Proposition 91. EY 
Remarks. Let Z be the ring of integers. Since @PEMaxSprc,Z/PZ is a faithful 
distributive Z-module and Z/PZ#I( @PE~,axSpcek~ UPZ) for all ideals I of .Z and 
for all maximal ideals P of H, it follows that the condition that the module M is 
finitely generated cannot be omitted in the statements of Theorem 1.3 and Theorem 
1.4. Also the condition that Nis Noetherian in the statement of Proposition 3.2 can- 
not be omitted. 
As it is not the case that every (finitely generated) multiplication module is 
distributive [I, p. 1761, the condition that R is arithmetical in the statement of Pro- 
position 1.2 has to be retained. 
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